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1. Introduction
Let F be an algebraically closed field with characteristic p > 0, and let G be a finite
group. For a subgroup H of G and an FH-module V , we denote by soc(V ) and hd(V )
the socle and the head of V , respectively. For an FG-module X and an FH-module Y , we
write XH for the restriction of X to H and YG for the induction of Y to G.
Let N be a normal subgroup of G, and let W be an irreducible FN-module. Assume
that WG ∼=⊕si=1 aiPi , where ai are positive integers and Pi are pairwise nonisomorphic
indecomposable FG-modules. In [3, Theorem 3.14.4], Harris shows that hd(Pi)∼= soc(Pi)
is irreducible. In [5], Laradji gives more information about the FG-modules Pi under the
assumption G is p-solvable.
The aim of this paper is to show that some of Laradji’s results are correct generally, and
the others are correct when G/N is p-solvable. We have
Theorem 1. Let N  G and W ∈ Irr(FN). Let V1, . . . , Vs be a complete set of pairwise
nonisomorphic irreducible FG-modules with W | (Vi)N . Then
(a) There are s pairwise nonisomorphic indecomposable FG-modules Pi such that WG =⊕s
i=1 aiPi and soc(Pi)∼= hd(Pi)∼= Vi .
(b) For i, j ∈ {1, . . . , s} the multiplicity rij of Vi as a composition factor in Pj is equal to
dimF HomFG(Pi,Pj ) and rij = rji .
Theorem 2. Notation is as in Theorem 1. We assume that G/N is p-solvable, and let H/N
be a p-complement of G/N . Then the FH-module (Vi)H is completely reducible. Let Xi
be an irreducible direct summ and of minimum F -dimension of (Vi)H . Then
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(b) dimF Pi = (dimF WG)p(dimF Vi)p′ .
2. Proof of main theorems
Let N be a normal subgroup of G. Let W be an irreducible FN-module. Then
EndFN(W) ∼= F . We assume that IG(W) = G, where IG(W) is the inertial subgroup
of W in G. Set E = EndFG(WG). We can write E in the form E =⊕y¯∈Y Ey¯ where
Y = G/N and Ey¯ is the F -submodule of E mapping W =W ⊗ 1 to W ⊗ y inside WG,
andEx¯ ∼= HomFN(W,Wx) (as F -module) by [6, 4.6.4]. ClearlyEx¯Ey¯ ⊂Exy , for x¯, y¯ ∈ Y .
Also we can use the stability hypothesis to choose an element ϕy¯ ∈Ey¯ mappingW ⊗1 iso-
morphically ontoW⊗y; it follows that ϕy¯ is a unit in E. Since E1¯ can be identified with F .
Then Ey¯ = Fϕy¯ . The module E ⊗F W is an E-FG-bimodule with action (e ⊗ w)y =
eϕy¯ ⊗ ϕ−1y¯ (w⊗ y), where y¯ = yN , and e′(e⊗w)= e′e⊗w. Then we have the following
proposition due to Cline. The above introductory remarks are essentially taken from [4].
Proposition 1 [1]. There, is an E-FG-bimodule isomorphism
E ⊗F W ∼=WG
given by f : e⊗w → e(w), for e ∈E and w ∈W .
Proposition 2 [4, Corollary 1.2]. Notation is as above. Let E =⊕Ui be a decomposition
into indecomposable right E-modules. Then WG =⊕UiW ∼=⊕Ui ⊗F W is a decom-
position into indecomposable right FG-modules. Moreover, we have that dim(UiW) =
dim(Ui)dim(W), and that Ui ∼= Uj as E-modules if and only if UiW ∼= UjW as FG-
module.
Proof of Theorem 1. (a) is [5, Theorem 3.14.4].
Now we proceed to prove (b). We first assume that IG(W)=G. Set E = EndFG(WG).
Then E ∼=⊕x¯∈G/N ϕx¯F , where ϕx¯ is a unit in E mapping W ⊗ 1 isomorphically onto
W ⊗ x and ϕ1¯ = 1E . Then E is isomorphic to a twisted group algebra of G/N with some
factor set α, write FαG/N . Let X be a set of right coset representatives of N in G. Then
each element g ∈G can be expressed uniquely as nx for n ∈N and x ∈X. It is easy to see
that W provide a projective representation of G by the action: w · g := ϕ−1g¯ (wn⊗ x) for
w ∈W and g = nx ∈G.
Since H 2(G/N,F×) is a finite group of exponent which is a factor of |G/N |,
α|G/N | ∼ 1. Then there exists a map η :G/N → F× such that α(x¯, y¯)|G/N | = η(x¯)η(y¯)×
η(x¯y¯)−1 for x¯, y¯ ∈G/N . Let, k(x¯) be a |G/N |th root of η(x¯) in F×. Set ϕ ′¯x = k(x¯)−1ϕx¯
and ϕ ′¯xϕ ′¯y = α(x¯, y¯)′ϕ′xy . It is easy to see that ϕ ′¯x ∈ Ex¯ , α(x¯, y¯)′ = k(x¯)−1k(y¯)−1k(xy)×
α(x¯, y¯), and α(x¯, y¯)′ is a factor set of G/N . Thus
(
α(x¯, y¯)′
)|G/N | = (k(x¯)−1k(y¯)−1k(xy)α(x¯, y¯))|G/N | = 1.
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we assume that α|G/N | = 1.
Let Z be a finite subgroup of F× generated by {α(x¯, y¯) | x¯, y¯ ∈ G}. Thus the set
G∗ =Z×G/N = {(z, x¯); z ∈ Z, x¯ ∈G/N} is a group with the multiplication defined by
(z, x¯)(z′, y¯)= (α(x¯, y¯)zz′, x¯y¯).
If we consider the inclusion map λ :Z→ F×(z → z) as a linear character of Z, then the
primitive idempotent eλ corresponding to λ is a central idempotent of FG∗ since Z is a
central p′-subgroup.
Let S denote the FN-module eλFN. Let us consider E∗ = EndFG∗(SG∗). We define a
map ϕ(1,x¯) from S
G∗ to SG
∗
on its basis by
ϕ(1,x¯) : eλ⊗ (1, t¯ ) → eλ ⊗ (1, x¯)(1, t¯ ),
and extend it linearly to SG∗ . We can easily check that ϕ(1,x¯) is an FG
∗
-module
isomorphism. ThusE∗ =⊕(1,x¯)∈G∗\Z Fϕ(1,x¯) (cf. the first paragraph of this section). Thus
E∗ is a twisted group algebra of G∗/Z over F . We assume that
ϕ(1,x¯) ϕ(1,y¯) = β
(
(1, x¯), (1, y¯)
)
ϕ(1,x¯y¯)
for some β((1, x¯), (1, y¯)) ∈ F×. It is easy to check that β((1, x¯), (1, y¯))= α(x¯, y¯). Thus
we have an F -algebra isomorphism from E to E∗ given by
g :E→E∗ (g :ϕx¯ → ϕ(1,x¯)
)
.
If we identify G/N with G∗/Z, then we can identify E with E∗. We do so here.
Let {U1, . . . ,Um} be a complete set, of pairwise nonisomorphic principal indecom-
posable E-module. Let Ri = hd(Ui). Set bi = dimF (Ri). Then E = ∑mi=1⊕biUi is
the decomposition of E into indecomposable E-modules. By Proposition 2, WG =⊕m
i=1 bi(Ui ⊗F W) is the decomposition of WG into indecomposable FG-modules, and{U1 ⊗F W, . . . ,Um⊗F W } are pairwise nonisomorphic FG-modules. Thus by assumption
and by (a), we have m= s. Without loss of generality, we can assume that Pi ∼=Ui ⊗F W ,
then ai = bi . Thus E =∑si=1 aiUi . Since we identify E with E∗, SG∗ ∼= E∗ ⊗F S =∑s
i=1 ai(Ui ⊗F S) is the decomposition of SG
∗ into indecomposable FG∗-modules by
Proposition 2. Write Qi = Ui ⊗F S. Since p  |Z|, Qi ’s are principal indecomposable
FG∗-modules.
Let U ′ ⊂ U be E-modules. Then U ′ ⊗F W ⊂ U ⊗F W are FG-modules. And,
moreover, it is easy to see that u⊗w → u¯ ⊗ w is an FG-module isomorphism from
(U ⊗F W)/(U ′ ⊗F W) to (U/U ′) ⊗F W . By (a), Pi ∼= Ui ⊗F W has irreducible head,
then by the above isomorphism, we have hd(Ui ⊗F W)= Ri ⊗F W . Note that, Ri ⊗F W
is irreducible (cf. [6, Chapter 3, Theorem 5.8]). Since
(
J (E)nUi ⊗F W
)/(
J (E)n+1Ui ⊗F W
)∼= (J (E)nUi/J (E)n+1Ui)⊗F W
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Pj ∼= Uj ⊗F W is that of Ri as a composition factor in Uj . By the same way, the multi-
plicity of hd(Qi) as a composition factor in Qj is that of Ri as a composition factor in Uj .
Since Qi is a principal indecomposable FG∗-module, the multiplicity of hd(Qi) as a com-
position factor in Qj is equivalent to dimF (HomG∗(Qi,Qj ))= dimF (HomFG∗(Qj ,Qi)).
Thus rij = dimF (HomFG∗(Qi,Qj ))= dimF (HomFG∗(Qj ,Qi))= rji . Let P˜i be the pro-
jective cover of Pi . We have dimF (HomFG(Pi,Pj ))  dimF (HomFG(P˜i ,Pj )) = rij =
dimF (HomFG∗(Qi,Qj )). Since
|G/N | = dimF
(
HomFG
(
WG,WG
))=∑
i,j
aiaj dimF
(
HomFG(Pi,Pj )
)

∑
i,j
aiaj rij
=
∑
i,j
aiaj dimF
(
HomFG∗(Qi,Qj )
)= dimF (HomFG∗ (SG∗, SG∗))|G/N |,
we have dimF (HomFG(Pi,Pj ))= rij .
Now we assume that T = IG(W) < G. There are s pairwise nonisomorphic FT-
modules Yi such that YGi ∼= Pi . Set aij = dimF HomFT(Yi , Yj ). By induction aij
is the multiplicity of hd(Yi) as a composition factor in Yj , and aij = aji . Since
(hd(Yi))G is irreducible, (hd(Yi))G ∼= Vi . It is easy to see that aij is the multiplic-
ity of Vi ∼= (hd(Yi))G as a composition factor in (Yj )G ∼= Pj . Thus rij = aij =
aji = rji . Since dimF HomFG(Pi,Pj ) = dimF HomFG(YGi , YGj ) = dimF HomFT(Yi , Yj ),
dimF HomFG(Pi,Pj )= rij . We are done. ✷
Remark 1. Let C be the s × s matrix (rij ) and let T = IG(W). If we replace G by T and
construct a central extension T ∗ of T by Z as in the proof of Theorem 1, then C is the
Cartan matrix of eλFT∗.
Proof of Theorem 2. Let H/N be a p-complement of G/N . Since (Vi)N is a completely
reducible FN-module and p  |H :N |, ((Vi)N )H is a completely reducible FH-module and
(Vi)H | ((Vi)N )H . Thus (Vi)H is completely reducible. We first assume that IG(W)=G.
Keep notation as in the proof of Theorem 1. Since Pi ∼= Ui ⊗F W , we have dimF (Pi) =
dimF (W)dimF (Ui). ViewRi as an FαH/N -module, then (Ri)FαH/N =M1⊕· · ·⊕Mr for
irreducible FαH/N -modulesMj . Thus (Vi)H ∼=Ri ⊗F W ∼=M1 ⊗F W ⊕· · ·⊕Mr ⊗F W
is the decomposition of (Vi)H into irreducible FH-modules. Then there is an irreducible
constituent Mj of (Ri)FαH/N of minimum F -dimension such that Xi is isomorphic to
Mj ⊗F W . Let H ∗ the inverse image of H/N in G∗. Then H ∗ is a p-complement of G∗.
By the same way, the restriction of hd(Qi) to H ∗ is completely reducible and Mj ⊗F S
is an irreducible constituent of (hd(Qi))H ∗ with minimum F -dimension. Then it is well
know that Qi ∼= (Mj ⊗F S)G∗ since G∗ is p-solvable and H ∗ is a p-complement of G∗
(cf. [2, Theorem (2D)]). Thus
dimF (Ui) = dimF (Ui)dimF S = dimF (Qi)=
∣∣G∗ :H ∗∣∣dimF (Mj )dimF S
= |G :H |dimF (Mj ).
Thus
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= dimF
(
(Mj ⊗F W)G
)= dimF ((Xi)G).
Thus Pi ∼= (Xj )G since Pi is an indecomposable direct summand of (Xi)G. By [2,
Theorem (2B)], we have dimF (Qi)= |G :H |(dimF hd(Qi))p′ = |G :H |(dimF (Qi))p′ .
Since hd(Qi) ∼= Ri ⊗F S and dimF S = 1, we have dimF (Ui) = dimF (Qi) = |G : H |×
(dimF (Ri))p′ . Thus
dimF (Pi) = dimF (Ui)dimF (W)= |G :H |
(
dimF (Ri)
)
p′ dimF (W)
= |G :H |dimF (W)p
(
dimF (W)
)
p′
(
dimF (Ri)
)
p′
= (dimF (WG))p
(
dimF (Ri ⊗F W)
)
p′ =
(
dimF
(
WG
))
p
(
dimF (Vi)
)
p′ ,
as desired.
Now we assume that T = IG(W) < G. We can assume that (T ∩ H)/N is a p-
complement of T/N . Otherwise we use some G-conjugate Wg of W instead of W .
Then there exist FT-modules Yi such that Pi ∼= YGi and Vi ∼= (hd(Yi))G. By induction,
Yi ∼= (X′i )T , where X′i is an irreducible constituent of (hd(Yi))(H∩T ) with minimum F -
dimension. Let Xi = (X′i )H . Then Xi is an irreducible constituent of (Vi)H and (Xi)G ∼=
(X′i )G ∼= ((X′i )T )G ∼= (Yi)G ∼= Pi . Since for any irreducible constituent X of (Vi)H , Pi is
an indecomposable direct summand of XG, Xi must be an irreducible constituent of (Vi)H
with minimum F -dimension. And
dimF (Pi)= |G : T |dimF (Yi)= |G : T |
(
dimF
(
WT
))
p
(
dimF
(
hd(Yi)
))
p′
= (dimF (WG))p
(|G : T |)
p′
(
dimF
(
hd(Yi)
))
p′ =
(
dimF
(
WG
))
p
(
dimF (Vi)
)
p′,
as desired. ✷
At the end of this note, we give the following definition.
Definition 1. Let N be a normal subgroup of G. Assume that G/N is p-solvable, and
let H/N be a p-complement of G/N . Let V be an irreducible FG-module. If S is an
irreducible constituent of VH of minimum F -dimension, then we call S a relative Fong
module of V with respect to N .
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